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Abstract. With the motivation of studying the diffusive propagation of massive particles in
crystals with defects, we develop a theory of Brownian motion of a massive particle, including
the effects of inertia, in spaces with curvature and torsion. This is done with the help of a
recently discovereshonholonomic mapping principlavhich carries known classical equations

of motion in Euclidean space into non-Euclidean space. In particular, the known Langevin
equation in Euclidean space goes over into a Langevin equation in spaces with curvature and
torsion from which we derive, in this note, the Kubo and Fokker—Planck equations satisfied by
the particle distribution as a function of time in such spaces. The possible relevance of these
equations to particle propagation in crystals with defects is discussed.

Since defects in crystals can be described geometrically by a nonvanishing curvature and
torsion [1, 2], there is a definite need to find the correct Fokker—Planck equation for the
distribution of particles moving through such spaces. In flat space, the classical equation of
a massive point particle in a thermal environment reads

mii = fi + J @
where £ is an arbitrary time-dependent external force diids a stochastic force caused

by the thermal fluctuations (we use subscripts for the time variable). The stochastic force
may be modelled by a bath of harmonic oscillators of all frequensoies

- o0 ..
fi= / dw 2, X, ,. 2
0
The oscillator coordinates satisfy the equations of motion
X+ 0?X = p i €))

the right-hand side arising from the back-reaction of the particle.
Solving (3) with respect tox!, we find (2) as a functional of’. Assuming an equal
coupling,, = /2y /m for all oscillators, we obtain the stochastic differential equation

mij +yi = f =mn Q)
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wheren' is called thenoise variable It has the Fourier decomposition
. o0 .. .
= 2y /m)Y? / do [X! coswt — X! sinwr]. (5)
0

For any given phase-space distributigh = o (X, X) of X! andX!, equation (4) becomes

a classical Langevin equation with noise averages being defined as mean values with
respect to the distributiop?. In thermal equilibrium,p? follows the Boltzmann law
~exp(—HB/kT), where the bath Hamiltonian is a sum of the oscillator Hamiltonians:
H® = [do (X2 + »?X2)/2. The associated noigeis Gaussian, and completely specified

by its vanishing expectation and its two-point correlation function:

m)y=0  (nin)) =6ykTs"s@ —1). (6)

According to the nonholonomic mapping principle proposed in [3, 4], the infinitesimal
coordinate transformationvd = ¢’ (¢)dg* carries classical Euclidean equations of motion
correctly into spaces with curvature and torsion [5]. The geometry in this space is defined
by the metricg,, = ¢',¢', and the affine connectioRi,,* = ¢;*9,¢',. The torsion resides
in the antisymmetric part of the affine connectiop,* = (I',,* — T',,*)/2, and is a tensor
[6]. Curvature is signalled by noncommuting derivatives of the nonholonomic quantities
e',, the curvature tensor being given By, = € (0,0, — auav)eik. Thus, in a curved
spaceg;*(q,) are no proper functions, failing to satisfy Schwarz’ criterion.

Since the Langevin equation (4) is a classical equation of motion, its image under the
nonholonomic mappingxd = €', (¢)dg* should be the correct Langevin equation in spaces
with curvature and torsion. The result is

m(Gl + o7 q)) + val — f' = e (qm;. )

To obtain physical consequences we must find equations in which the nonholonomic
quantitiese;*(¢q,) are eliminated in favour of the well-defined geometrical quantijg$q)
andT,,*(¢). This is possible by deriving from (7) Kubo’s stochastic Liouville equation
and the Fokker—Planck equation with inertia.

For this we rewrite the Langevin equation as a system of two first-order differential
equations

_ 1
g/ = —=g""(q)p) (8)
m

. 1 4 ;
Bu=—— (7 = 878" 08ua) Py P, = P+ [ + €]
=—F, +en 9)

the last equation defining a total apparent forge This force is not obviously a vector
under general coordinate transformations, due to the presence of the connection. However,
the covariance of the Langevin equation (7) ensures the covariance of equation (9).

At each timer, the system following equations (8) and (9) is in a microscopic state
with the distribution functiors(p — p;)8(¢ — ¢,). This can be thought of as a conditional
distribution function determining the distribution pf, andg* for a given initial distribution
function §(p — p®)8(g — qo). If the initial values Opr andg!* are distributed with the
probability densityo = p(p°, go), the distribution function at any later timiecan be found
by an average over the initial distribution

ol (p.q) = /dpo dgo p(p°, q0)8(p — p")8(q — q1) (10)
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whereg;" = ¢;'(p° qo) and p!, = p! (p°. qo) are solutions of the system (8), (9) with the
initial conditionSpjf0 = pg andq,_, = q; . By taking a time derivative of (10) and making
use of both (8) and (9), we find Kubo’s stochastic Liouville equation

atp;? = l’:(n,)ptn (11)
with L(n,) being the noise-dependent Liouville operator

r 9 v Py 9 i

L(Th)Z—aq—MOgu 54—@0[@(17,4)—%771] (12)

where the symbob stands for composition of operators. It is straightforward to verify the
invariance of the Liouville operator and, hence, of Kubo’s equation with respect to general
coordinate transformations.

A solution of Kubo's stochastic equation (11) is a noise-dependent distribution function
which determines the probability of finding a particle in an infinitesimal volumpdoyl

dP(q) = dq/dp (0! (p. Q) Edq/dppt(p,q)- (13)

It follows then from (10) that/ dP, () = [ dPy(¢) = 1, i.e. the temporal evolution of the
probability distribution described by Kubo’s equation (11) is unitary.

Due to the locality of the noise correlation function in (6), it is possible to
derive a Fokker—Planck equation which governs the temporal evolution of the noise-
averaged distribution; (p, g). For this purpose let us first calculate the avergfe=
(n's(p — p")8(g — q)). Generalizing the partial integration formufae *""/2f () dn =
a~l[e 2 () = —at [ 9,677/2f(n) to any Gaussian noise, we find

i oo/ij 8 !
%:/’dumm>;7ap—pwm—%>

(o] nl/

a  op, a  8q"
= — 6ykT<<— o—£ 4 o —.)S(p —pHé(g—gq )> (14)
op.  on  dq"  on] ’

where we have used the explicit form of the two-point noise correlation function (6). To
calculate the variational derivatives of dynamical variables with respect to noise in (14), we
formally integrate (8) and (9):
t
Pl = pg —i—/ dt' (—F,, + e,n;) (15)
0
1 (! ,
a =45 +— / dr’ " (g p), - (16)
m Jo

Taking the variational derivative of (15) we obtain

sp! f SFU . Sel(qu t
& _ _/ dt” |: no n,jw 6#(?1 ):| +/ dt”ef(q,/f)(?(t” _ l,). (17)
t/ t

snl, snl, Snl, /

The Langevin equation (9) is causal which implies tpét or ¢/, depend ony’, only for

t” > t'. This has been used to restrict the integration range in (17). The first integral on the
right-hand side of (17) tends to zero dsapproaches, whereas the second integral is not
uniquely determined at= ¢, since it contains a Heaviside function at zero argument. The
calculation of the contribution o$p,§/8nj to (0) requires therefore a regularization. We
replace the delta-function in the correlator (6) by a smooth would-be delta-function function
8.(t —t'), of width ¢, satisfyingff"oo dt 8.(r) = 1 ands.(t) = 8.(—t). Such a regularization



7008 H Kleinert ard S V Shabanov

can be achieved by retaining a weak dependence amthe coupling constant,,. With
this regularization, we have to repla&p;/sn;' in (14) by

o0 sp! ) o0 )
/ dr’ 8. (1 — 1) —= = ¢}, (qr) / dr' et — )0t — 1) = 3el,(q)  (18)
s énl, " —x .
where we have dropped the contribution of the first integral of (17) since it vanishes for
e — 0.

Considering analogouslyg;/éni,, we conclude that the latter variational derivative
vanishes as’ approaches. Averaginge' with respect to the initial distributiop (po, o)
we find the following relation

) . .0
/dpo dgo p(po, q0)¢; = (m;p/) = —SykTeggpr. (19)
"
Taking the noise average of Kubo’s stochastic equation (11) and making use of (19), we end
up with the Fokker—Planck equation with inertia associated with the Langevin equation (7):

000 = isz (20)
~ d Dy d d

Ly =——og"—+ — F,(p, 3ykTgh . 21
r="gg %8 m+apMO[M(p q) +3ykTg apu] (21)

Thus, we have eliminated the nonholonomic mapping functions in favour of the well-defined
affine connection and metric. Integrating (20) over the whole phase space we verify at the
probability conservation law: /i [ dp dg p, = 0, where we have used the fact of vanishing
surface integrals occurring upon the integration of the right-hand side of (20).

An application of equations (20), (21) to the diffusion of particles in crystals with defects
is, unfortunately, not straightforward. The motion of a particle is sensitive to the geometry
of defects only if this particle measures distances by counting steps when hopping through
the crystal. Electrons qualify for this only in the tight-binding approximation. In this
approximation, the hopping probability which is the result of quantum tunnelling depends
very strongly on the elastic distortions of the crystal. In the above geometrical description
of the system, elastic distortions play the role of general coordinate transformations. The
Langevin equation (7) is invariant under such transformations by construction, while the
physical hopping probability is not. In order to apply the equation, such a dependence must
be included, and averaged at the end over the phonon bath. An additional problem is the
calculation of the classical limit within the tight-binding approximation. Initial attempts to
study the Brownian motion of a particle in a crystal with defects have not addressed these
issues [8].
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